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Probability generating functions (for discrete random variables)
G, (1))=Y P(X =x)t*
For a fair coin:
1 1
G ()=—+—t
L (1) >+3

For the tossing of three coins, where X;, X5, X5 are independent:

Y=X+X,+X,

3
G‘,(t)=l+§t+§t2+lt3= L
' 8 8 8 8 2 2

To find the probability of two heads

_ _l, ®)
P =2)=—-G(0)

Let Xand Y be independent discrete random variables, and letZ=X +Y.

G,(1)-G,(1)= (z P(X = x)txj . (Z P(Y = y)tyj
= z( > P(X=x)-P(Y = y)jtz

x,ylx+y=z

zz[ > P(X zxﬂY:y)}z

x,ylx+y=z

=Y P(Z=2)

=G.(0)
G,(1)-G,(1)=G,,, ()

Considering calculus and probability generating functions

G.(H=) P(X=x)=1
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G.()=) xP(X =), =D xP(X =x) = E(x)
G/() =) x(x—DP(X =)', =D x(x—1)P(X = x)

Var(X) = szP(X =Xx)— (E()C))2

2
=Zﬂmmmx=@+2ﬂmkqm{ZPa=@J
=G:<1>+G;L<1)—-[G;<1)]2~

The geometric distribution

This asks “how many attempts until a success?”

Let X be the first in a sequence of identical independent Bernoulli trials (two outcomes;
success or failure) on which success occurs.

Let the probability of a success in a trial be 7.

PX=x)=(1-7)"'7lxe Z".

1
A tennis player has a probability of Z of playing a winning shot. What is the change has

won the rally by the 6" shot?

P(X <5)=1-P(X >5)
=1-(1-x)’
5
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G (t)= i (1-z)" '7mt*

- x-1
=my [(1-7)t]
x=1

Tt

T 1—(-nx
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0+2(1-(A-m)(1-7) 2z(1-m)(A-A-m)1)) 2x(1-7)
A-A-myn)* O (=(-mn)t A-(1-mn)
2n(1-1m) _ 2-2r

n’ n’

Gl(n=

=G/(1)=

Var(X)=G/()+G.()-[G.(D] =

T

22z 1 [17] 1-7
7t~ 2
T T
The geometric distribution can be writtenas X ~ G(7)

The binomial distribution
How many successes in a sequence of identical independent Benoulli trials where the
probability of success is 7 and there are v trials.

Consider X ~ B(v,7x) [Benoullidistribution]

PX=0)=1-x
PX=)=nx
Gt)=(-m)+xt

LetY=X1+X2+X3 +... + X, | Xiare independent.

G,(1)=G, (-G ()G, (0).G,1)=[G.0)]
=[(1-x)+m]
= ZV:(I—JZ')V"' z’ (VJH
y

y=0

14 vy
P(Y=y)= [yj(l_ﬂ') ﬂ}lye{(),l,Z,m,v)

G, =[1-m)+mt]
G, (1) =vz[(1-7) +m]v_l
=G, ()=vr
G (t)=va*(v-D[1-m)+ ]
| =G/()=vr’(v-1)

Var(X)=G'()+G.()-[G ()] =va* v -D)+ve—v*7* =va(l-7)

The chance of a player winning a game is 0.4, what is the change of him winning 4 games
in a match of 6 games?

GJ(O.@Z (0.4)" =0.138

Or, calculated using values from the binomial distribution tables, n=6, x=4, p=0.4

P(X=4)=P(X <4)-P(X £3)=0.9590-0.8208 = 0.138



